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Geometric phase is insensitive to certain local disturbances due to the global properties accumu-
lated through a closed loop in the parameter space. It can be utilized to realize high-fidelity logic
gates for geometric quantum computing. Moveover in the degenerate subspace, non-Abelian geomet-
ric phase leads to quantum holonomic gates. In this work, we propose a novel scheme for holonomic
gates using Rydberg atoms under the detuning-controllable drivings, which can be considerably
improved by the counterdiabatic method. In particular, we introduce a controllable variable, the
detuning between the driving frequency and the atomic energy spacing, to modify the traditional
scheme for holonomic gates. Subsequently we can have two instantaneous eigenstates with opposite
eigenvalues constituting a closed loop in the parameter space. The accumulated dynamical phase is
exactly cancelled when the loop is completed, which is out of the parallel-transport restriction. The
counterdiabatic term in our proposal can be used to enhance the speed and the fidelity of holonomic
transformation, rendering revisions in both amplitudes and phases of the driving fields. Then in a
shorter time we can realize a universal set of single-qubit gates and nontrivial double-qubit gates
within the Rydberg blockade regime. We also estimate the gate fidelity under both dephasing and
dissipation processes. In addition, beyond the Rydberg blockade regime, we propose an alternative
realization for the double-qubit gates, in which a qubit (two-level system) is used to mediate two
detuning-driven three-level Rydberg atoms.
I. INTRODUCTION
Quantum computing is believed to be more superior
than its classical counterpart in solving certain problems,
such as factoring large integers [1] and searching unsorted
databases [2]. In order to implement quantum comput-
ing, it is prerequisite to have a universal set of single-
qubit gates and a nontrivial double-qubit gate with a high
fidelity. Nevertheless, reliable and robust quantum gates
are always hard to be realized, because any quantum sys-
tem or platform is affected inevitably by the errors aris-
ing from inaccurate control and external environments.
The quantum gates based on the geometrical phase [3]
are robust against control errors, since geometrical phase
is only determined by the global properties of the trans-
formation paths and independent of the transformation
details [4–7].
Many schemes for holonomic quantum computing have
been proposed [8–12] by taking advantages of the geomet-
ric phase under the adiabatic passage. However, a quan-
tum system usually takes a long time to complete the
required loop in the parameter space when it undergoes
an adiabatic evolution. A long time of evolution is harm-
ful to the robustness of the adiabatic holomomic quantum
computing, because it will gradually reduce the execution
efficiency and amplify the decoherence. It is obviously
negative to achieve high-fidelity quantum gates.
Therefore it is required to shorten the evolution time
while retaining the adiabatic passage [13] or maintain-
ing the quantum system as the desired instantaneous
eigenstates at the two ends of the evolution. Plenty of
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superadiabatic approaches [14–18] have been proposed
to dynamical systems, such as counterdiabatic driv-
ing (CD) method, i.e., the transitionless quantum driv-
ing [14, 19–21], shortcuts to adiabaticity using Lewis-
Riesenfeld invariant [22–24], dressed-state-based inverse
engineering [25] and noise-induced adiabaticity [26–28],
to name a few. The counterdiabatic driving method was
proposed in the first decade of this century, which is
useful for both theoretical proposals and practical ap-
plications. The formulation of CD is to add an ancil-
lary Hamiltonian, named the counterdiabatic term, to
the original Hamiltonian. Namely, if the original time-
dependent Hamiltonian H(t) is formally expressed in the
spectral representation as H(t) =
∑
nEn(t)|n(t)〉〈n(t)|,
then the counterdiabatic term can be written as [19–21]
HCD(t) = i
∑
n
(1− |n(t)〉〈n(t)|) |n˙(t)〉〈n(t)|, (1)
where En(t)’s and |n(t)〉’s are respectively the instanta-
neous eigenvalues and eigenstates, and |n˙(t)〉’s are the
derivative of the instantaneous eigenstates with respect
to time.
Many experimental platforms are devoted to the adia-
batic holonomic quantum computing, including the Ry-
dberg atoms [29–31], the trapped ions [32], nuclear mag-
netic resonance [33, 34], superconducting circuits [35, 36],
and nitrogen-vacancy centers in diamond [37, 38]. A Ry-
dberg atom is an ordinary atom where one of its elec-
trons, usually the valence electron in an alkali atom, is
excited to a state of very high principal quantum num-
ber, i.e., a Rydberg state. Neutral atoms in highly ex-
cited and long-lived Rydberg states are also considered
as ideal architectures for quantum computation for they
can be used as well-defined two-level or three-level sys-
2tems. The Rydberg-mediated interaction between high-
lying Rydberg states arising from dipole-dipole bond [39]
or van der Waals forces can lead to the Rydberg block-
ade phenomenon [40–42]. When the Rydberg-mediated
interaction is much stronger than the intensity of the
driving pulses on the atoms, this blockade would prevent
the simultaneous excitation of the neighboring Rydberg
atoms [31], which can be used to implement nontrivial
double-qubit gates [31, 43, 44]. Also in the Rydberg
blockade regime, the system is naturally robust against
certain control errors [45, 46].
In this work, we propose a novel scheme of superadi-
abatic holonomic gates based on Rydberg atoms via the
counterdiabatic method, which combines the robustness
of adiabatic geometrical transformation with the merits
of Rydberg atoms under driving. It thereby provides
a promising way to realize high-fidelity quantum holo-
nomic computing. Comparing to the traditional schemes
for holonomic gates, our scheme applies the controllable
detuning between the driving frequency and the atomic
level-splitting as an additional variable to cancel the dy-
namical phase accumulated during the whole closed path
in the parameter space. It goes beyond the requirement
of the parallel-transport.
The rest of the work is so arranged as follows. Sec-
tion II is devoted to establish a universal set of single-
qubit gates based on a three-level Rydberg atom. In our
proposal, the phase difference between the complex Rabi
frequencies of the two driving lasers determines the type
of a quantum gate. CD method is then implemented to
improve the adiabaticity of the holonomic transformation
as well as the gate efficiency and fidelity. We also analy-
sis the average transformation-fidelity over initial states
under decoherence. In Sec. III, similar discussion is ex-
tended to the nontrivial double-qubit gates founded on
two two-level Rydberg atoms. In Sec. IV, we propose an
alternative scheme for the double-qubit gates, in which
a two-level system couples simultaneously to two three-
level Rydberg atoms. We conclude our work in Sec. V.
II. UNIVERSAL SINGLE-QUBIT GATES
Consider a three-level Rydberg atom consisted of a
stable ground state |0〉, an intermediate state |1〉, and
a highly excited Rydberg state |2〉. |0〉 is coupled to |1〉
by an off-resonant laser with Rabi frequency Ω1. States
|1〉 and |2〉 are driven by another off-resonant laser with
Rabi frequency Ω2 (see the diagram in Fig. 1). In the
unit of ~ ≡ 1, the system Hamiltonian can be expressed
by [47]:
H0(t) = ω1|1〉〈1|+ ω2|2〉〈2|
+
[
Ω1(t)e
iΞ1(t)|0〉〈1|+Ω2(t)e−iΞ2(t)|2〉〈1|+ h.c.
]
.(2)
Here the energy of level |0〉 is assumed as ω0 = 0 with no
loss of generality and Ξn(t) ≡
∫ t
0 dsξn(s), n = 1, 2. ωn is
the energy of level |n〉. Ωn(t) and ξn(t) are respectively
FIG. 1. (Color online) Diagram for a three-level Rydberg
atom under driving. The stable ground state |0〉 is coupled to
the intermediate state |1〉 by an off-resonant laser with Rabi
frequency Ω1. The intermediate state |1〉 and the Rydberg
state |2〉 is driven by another off-resonant laser with Rabi fre-
quency Ω2. 2∆ is the detuning between the driving frequency
and the energy spacing between states |0〉 and |1〉.
the complex time-dependent Rabi frequency and the real
time-dependent driving frequency corresponding to the
driving term between |n − 1〉 and |n〉. ξ1(t) and ξ2(t)
satisfy the condition that ξ1(t) + ξ2(t) = ω2.
Turn to the rotating frame with respect to U0(t) =
exp{iΞ1(t)|1〉〈1|+i[Ξ1(t)+Ξ2(t)]|2〉〈2|}, the above Hamil-
tonian (2) can be rewritten as:
H(t) = U0(t)H0(t)U
†
0 (t)− iU0(t)U˙ †0 (t)
= [Ω1(t)|0〉〈1|+Ω2(t)|2〉〈1|+ h.c.]− 2∆(t)|1〉〈1|. (3)
where 2∆(t) ≡ ξ1(t) − ω1. The two complex Rabi fre-
quencies can be parameterized as
Ω1(t) = Ω(t) sin(θ/2)e
−iφ,
Ω2(t) = Ω(t) cos(θ/2)e
−iφ+iψ, (4)
with Ω(t) being real. Thus the Hamiltonian becomes
H(t) = Ω(t)
[
sin(θ/2)e−iφ|0〉〈1|
+ cos(θ/2)e−iφ+iψ|2〉〈1|+ h.c.]− 2∆(t)|1〉〈1|. (5)
In a frame spanned by a new orthonormal set
{|b〉, |1〉, |d〉}, where the bright and dark states are re-
spectively defined by
|b〉 = sin(θ/2)|0〉+ cos(θ/2)eiψ|2〉,
|d〉 = cos(θ/2)|0〉 − sin(θ/2)eiψ|2〉, (6)
one can express the Hamiltonian (5) as
H(t) = Ω(t)
[
e−iφ|b〉〈1|+ h.c.]− 2∆(t)|1〉〈1|. (7)
It is clear that |d〉 is decoupled from |b〉 and |1〉, which
means that |d〉 remains unchanged during the system
transformation. So the Hamiltonian (7) can be effec-
tively expressed in the standard two-state space spanned
3by {|b〉, |1〉}. Up to an identity operator with a factor
∆(t), we have
H(t) =
[
∆(t) Ω(t)e−iφ
Ω(t)eiφ −∆(t)
]
. (8)
Ω(t) and ∆(t) can be further parameterized by Ω(t) =
E(t) sinϕ(t) and ∆(t) = E(t) cosϕ(t), respectively. Then
the instantaneous eigenstates and eigenvalues of the
Hamiltonian (8) can be written as
|E+(t)〉 = cos[ϕ(t)/2]|b〉+ sin[ϕ(t)/2]eiφ|1〉,
|E−(t)〉 = − sin[ϕ(t)/2]e−iφ|b〉+ cos[ϕ(t)/2]|1〉,
(9)
and E±(t) = ±E(t), respectively.
The quantum system is supposed to evolve from t = 0
to t = T . Our holonomic process is actually designed as
a concatenation circle consisted of two piece-wisely adi-
abatic passages, 0 → tf and tf → T with tf = T/2,
to achieve the evolution from |b〉 at t = 0 to ei(β+η)|b〉
at t = T , where β and η are respectively the accumu-
lated dynamical and geometrical phases. In particular,
the system can evolve as |E+(t)〉 during the first-half
period t ∈ [0, tf ) and is then relayed by |E−(t)〉 dur-
ing the second-half part t ∈ [tf , T ]. The parameter φ
from Eq. (4) is set as φ1 during the first-half part and
φ2 during the second-half part of evolution, where φ1
and φ2 are controllable constants. Due to the fact that
E+(t) = −E−(t) = E(t), we have
β = −
[∫ tf
0
dtE+(t) +
∫ T
tf
dtE−(t)
]
= 0. (10)
Then the accumulated dynamical phase exactly vanishes
when completing the whole loop, which can then be safely
ignored in the following discussions. With respect to the
whole holonomic transformation, to allow the evolution
process determined by the adiabatic theorem
|E+(0)〉 = |b〉 → |E+(tf − 0+)〉 = eiφ1 |1〉,
eiφ1 |1〉 = eiφ1 |E−(tf )〉 → eiφ1 |E−(T )〉 = eiη|b〉,
(11)
the time-dependent parameter ϕ(t) should be condi-
tioned by ϕ(0) = 0, ϕ(tf − 0+) = π, ϕ(tf ) = 0, and
ϕ(T ) = π, where η = π + φ1 − φ2. Note one can design
a similar two-stage transformation as above by swapping
|E+(t)〉 and |E−(t)〉 with a proper function ϕ(t).
Therefore throughout the whole evolution [0, T ], the
geometrical phase is found to be η = π + φ1 − φ2 and
the bright state |b〉 turns to be eiη|b〉. It is known that
the dark state remains invariant with time. Thus one can
obtain a unitary transformation operator in the subspace
spanned by {|d〉, |b〉}:
U =
[
1 0
0 eiη
]
≃ e− iη2 (|d〉〈d|−|b〉〈b|). (12)
Thus in the computational subspace spanned by
{|0〉, |2〉}, we will obtain a universal gate operation for
the one-qubit system:
U =
[
cos η2 − i sin η2 cos θ i sin η2 sin θe−iψ
i sin η2 sin θe
iψ cos η2 + i sin
η
2 cos θ
]
= exp
(
i
η
2
~n · ~σ
)
,
(13)
where ~σ is a vector of Pauli matrices. On the Bloch
sphere, this operation can rotate an arbitrary unit vec-
tor around the axis ~n = (sin θ cosψ, sin θ sinψ,− cos θ)
by an angle η in the clockwise direction, where θ and ψ
are parameterized by the two Rabi frequencies in Eq. (4)
and η is the geometrical phase determined by φ1 − φ2
as in Eq. (11). A combination of θ (measuring the rel-
ative strengthes of the two driving fields), ψ (the phase
difference between the two driving fields) and φ1 − φ2 (a
phase as a controllable constant) corresponds to a spe-
cific single-qubit gate. For example, one can set θ = π,
and φ1 = φ2 to obtain the σz gate up to a global phase.
To ensure the transitionless evolution during the adia-
batic passage while shortening the period of the loop pre-
sented in Eq. (11), we use the counterdiabatic method by
adding an ancillary term HCD(t) into the original Hamil-
tonian (3). According to Eq. (1), the counterdiabatic
term can be expressed by
HCD(t) =
[
0 −iΛ(t)e−iφ
iΛ(t)eiφ 0
]
, (14)
where Λ(t) = [Ω˙(t)∆(t) − Ω(t)∆˙(t)]/[2E2(t)]. Then we
obtain a modified Hamiltonian H ′(t) = H(t) +HCD(t),
which guarantees the quantum system exactly moving
along certain eigenstates provided in Eq. (9) [Note now
the eigenvalues E±(t) are modified accordingly but they
are irrelevant to both dynamical and geometrical phases].
In particular, now the amplitudes and phases of the two
driving fields become
Ω1(t)→ Ω′1(t) = [Ω(t)− iΛ(t)] sin(θ/2)e−iφ,
Ω2(t)→ Ω′2(t) = [Ω(t)− iΛ(t)] cos(θ/2)e−iφ+iψ ,
(15)
respectively. Then one can repeat the parametric routine
from Eq. (4) to Eq. (13) to establish a set of more efficient
(We will show this shortly.) quantum gates by using the
modified Rabi frequencies in Eq. (15).
To measure the performance of the single-qubit gates,
we introduce a concept of average effective fidelity F ,
which is defined by [44]:
F (t) =
1
4π2
∫ 2pi
0
∫ 2pi
0
dα1dα2 |〈ΨU |U(t)|Ψ(0)〉|2 . (16)
Here the average means the sampling from the compu-
tational subspace, i.e., the initial states of the system
are expressed by |Ψ(0)〉 = cosα1|0〉 + sinα1eiα2 |2〉 with
{α1, α2} ∈ [0, 2π]. U(t) is the evolution operator di-
rectly obtained from the Hamiltonian (8) with the de-
signed Rabi frequencies Ω1(t) and Ω2(t) in Eq. (4) or the
effective Rabi frequencies Ω′1(t) and Ω
′
2(t) in Eq. (15).
4|ΨU 〉 ≡ U |Ψ(0)〉 is the target state after performing the
single-qubit gate U in Eq. (13) on |Ψ(0)〉. In this work,
we set [18] E(t) = 1 and
ϕ(t) =


3πt2
t2f
− 2πt
3
t3f
(0 ≤ t < tf )
3π(t− tf )2
t2f
− 2π(t− tf )
3
t3f
(tf ≤ t ≤ 2tf = T )
(17)
In the following we will check the effect of our scheme
with or without CD terms for four types of single-qubit
gates by calculating the average fidelity dynamics of these
gates until a fixed running time T and their final average
fidelity versus T . According to Eq. (13), when θ = π and
φ1 = φ2, we have the σz gate; when θ = π/2, φ1 = φ2
and ψ = 0, we have the σx gate; when θ = π/2, φ1 = φ2,
and ψ = π/2, we have the σy gate; and when θ = 0 and
φ1 − φ2 = −3π/4, we have the π/8-phase gate or called
T -gate.
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FIG. 2. (Color online) The effect of holonomic transformation
time T on the final average fidelity F (T ) of the single-qubit
gates. The blue solid lines with or without the circle signs
represent the σx gate with or without counterdiabatic terms
in the Hamiltonian, respectively. Similarly, the red dashed
lines, the orange dashed-dotted lines and the purple dotted
lines respectively represent the results of the σy, σz, and pi/8-
phase gates.
In Fig. 2, we plot the final fidelity F (T ) of the four
specific single-qubit gates with or without the counter-
diabatic terms in the Hamiltonian. Under the original
Hamiltonian (8), the fidelities of all the four gates (σx,
σy, σz , π/8-phase) follow quite similar behaviors. They
first lower to some extend and then bounce back until
to almost unity at the same cyclic time T . After about
ET = 7, they will experience a decline with a much re-
duced amplitude. Then they are enhanced by a longer T
again until maintained as almost unity after ET ≈ 17.
It is found that the final average fidelity for all the gates
will attain F ≥ 0.99 when ET ≥ 15. While with the help
of the ancillary Hamiltonian (14), high fidelity F ≥ 0.99
can be met with a much reduced transformation time
about ET ≈ 2. In the inset of Fig. 2, the final average
fidelity of the σz gate (orange dashed-dotted line with
circle sign) and the π/8 gate (purple dotted line with cir-
cle sign) follow almost the same dynamics. They are a
little bit higher than the fidelities of the other two gates.
All of them are greater than 0.99 after ET ≈ 2.
0 0.25 0.5 0.75 1
t/T
0.2
0.4
0.6
0.8
1
F(
t)
(a)
x
CD
None-CD
1 0.25 0.5 0.75 1
t/T
0.2
0.4
0.6
0.8
1
F(
t)
(b) y
CD
None-CD
0 0.25 0.5 0.75 1
t/T
0.2
0.4
0.6
0.8
1
F(
t)
(c)
z
CD
None-CD
0 0.25 0.5 0.75 1
t/T
0.2
0.4
0.6
0.8
1
F(
t)
(d) /8
CD
None-CD
FIG. 3. (Color online) The dynamics of the average fidelity
with a fixed running time ET = 6 with (blue solid line) and
without CD (red dashed line) terms. (a) for the σz gate, (b)
for the σy gate, (c) for the σx gate, (d) for the pi/8-phase gate.
The effect of the counterdiabatic approach can also be
observed from the microscopic evolution of the quantum
system. In Fig. 3, we plot the average-fidelity dynamics
of the single-qubit gates under a fixed holonomic trans-
formation period ET = 6. The behaviors of the fidelity
dynamics are found to be nearly irrespective to the type
of the quantum gate. However, the dynamics upon ap-
plication of the CD method is quite significant. It will
enhance the final fidelity from about 0.85 to unity in a
stable way.
In the open-quantum-system scenario, the fidelity of
the holonomic transformation is subject to the external
decoherence resources. Here we take account both the de-
phasing and dissipation processes into consideration. In
the weak-coupling regime, we apply the following Lind-
blad master equation [48]:
∂ρ
∂t
= −i[H ′(t), ρ] + 1
2
∑
j∈{0,2}
[
Γ−j L
(
σ−j
)
+ ΓzjL
(
σzj
)]
,
(18)
where ρ is the density matrix of the interested system,
H ′(t) = H(t) +HCD(t) is the CD-modified Hamiltonian
[see Eqs. (8) and (14)] and L(A) ≡ 2AρA† − A†Aρ −
ρA†A is the Lindbladian superoperation for the system
operator A. Here σ−0 ≡ |0〉〈1|, σ−2 ≡ |1〉〈2|, σz0 ≡ |1〉〈1| −
|0〉〈0| and σz2 ≡ |2〉〈2| − |1〉〈1|. For simplicity, we assume
Γ−0 = Γ
−
2 = γ− and Γ
z
0 = Γ
z
2 = γz. Here the system
is supposed to be prepared at |0〉. Ideally the system
becomes |0〉 by the operation of the σz gate or |2〉 by the
5operation of the σx gate. Accordingly in the presence
of the decoherence, we investigate the fidelity defined as
F (T ) = 〈0|ρ(T )|0〉 for the σz gate or F (T ) = 〈2|ρ(T )|2〉
for the σx gate, where ρ(T ) represents the time-evolved
density operator ρ(t) at the final running time T .
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FIG. 4. (Color online) The decoherence effect on the final
fidelity F (T ) of system subject to the single-qubit gates. We
exam the influence of dissipation indicated by γ− or dephasing
indicated by γz on the σz and σx gates. Here the evolution
time is fixed as ET = 14.
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FIG. 5. (Color online) The decoherence effect on the final
fidelity F (T ) of system under both dissipation and dephasing.
Here we exam the decoherence influence on the σz gate. The
evolution time are fixed as ET = 14.
In Fig. 4, we switch on the two decoherence processes
in turn for two particular single-qubit gates (σz and
σx). The open system now follows the counterdiabatic-
holonomic transformation while going through a quan-
tum (dissipation or dephasing) channel. We set the cyclic
time as ET = 14. In all the four situations, the fidelity
decays linearly with the increasing decay rate. For either
gate, the fidelity decay induced by dissipation is quicker
than that induced by dephasing under the same ampli-
tude of decay rates γ. For either decoherence channel,
the σz gate is more robust than the σx gate. We then
demonstrate in Fig. 5 the combined effect of both dissi-
pation and dephasing on the σz gate. It is shown that
the effect on the transformation fidelity by the dephas-
ing noise is about one quarter of that by the dissipation
noise in terms of the fidelity decline. The left-bottom
triangle area in Fig. 5 indicates the parameter space for
maintaining the σz gate with F (T ) ≥ 0.99.
III. NONTRIVAL DOUBLE-QUBIT GATES IN
THE RYDBERG BLOCKADE REGIME
FIG. 6. (Color online) Diagram for two identical two-level
atoms with Rydberg-mediated interaction. For either atom,
the stable ground state |g〉 is coupled to the Rydberg state
|e〉 by an off-resonant laser with Rabi frequency Ωn, n = 1, 2;
and 2∆ is the detuning between the driving frequency and
atomic energy splitting. V is the coupling strength between
the two Rydberg atoms.
To realize a complete set of gate operations in any
circuit model for quantum computing, one needs at
least one nontrivial two-qubit gate besides the univer-
sal set of one-qubit gates. We now demonstrate how
to construct nontrivial two-qubit gates by using the
Rydberg-mediated interaction, whose fidelity and effi-
ciency can also be improved by the counterdiabatic driv-
ing method. Consider two identical two-level Rydberg
atoms with energy splitting ω. As shown in Fig. 6,
the high-lying Rydberg states of the atoms are coupled
by the Rydberg-mediated interaction V |ee〉〈ee|. Either
atom is under an off-resonant and time-dependent driv-
ing Ωn(t) exp[i
∫ t
0 dsξ(s)]|g〉n〈e|+h.c., n = 1, 2, with Rabi
frequencies Ωn(t) parameterized by Eq. (4) and detun-
ing 2∆(t) ≡ ξ(t) − ω. Similar to Eq. (3), the total sys-
tem Hamiltonian in the rotating frame with respect to
U0(t) = exp[i
∫ t
0 dsξ(s)(|e〉1〈e| + |e〉2〈e|)] can be written
as [31]
H(t) = H1(t)⊗ I2 + I1 ⊗H2(t) + V |ee〉〈ee|, (19)
where the single-atom Hamiltonian describes the inter-
action between the nth Rydberg atom and the laser,
n = 1, 2,
Hn(t) = Ωn(t)|g〉n〈e|+Ω∗n(t)|e〉n〈g|−2∆(t)|e〉n〈e|, (20)
and In denotes the identity operator acting on the
nth Rydberg atom. In the Hilbert space spanned by
6{|gg〉, |ge〉, |eg〉, |ee〉}, the total Hamiltonian H(t) can be
expressed by
H(t) =


0 Ω2(t) Ω1(t) 0
Ω∗2(t) −2∆(t) 0 Ω1(t)
Ω∗1(t) 0 −2∆(t) Ω2(t)
0 Ω∗1(t) Ω
∗
2(t) −4∆(t) + V

 . (21)
Then a further unitary transformation with respect to
U1(t) = exp(iV t|ee〉〈ee|) yields:
H(t) =


0 Ω2(t) Ω1(t) 0
Ω∗2(t) −2∆(t) 0 Ω1(t)e−iV t
Ω∗1(t) 0 −2∆(t) Ω2(t)e−iV t
0 Ω∗1(t)e
iV t Ω∗2(t)e
iV t −4∆(t)

 .
(22)
It is now appropriate to apply a rotating-wave approxi-
mation to H(t) (22) when the Rydberg-mediated inter-
action strength V is much greater than the magnitudes
of Ω1(t),Ω2(t),∆(t). In this case, the fast oscillating
terms (with e±iV t) can be regarded as zero in a moderate
time-scale. Then the effective Hamiltonian can be simply
expressed in the subspace spanned by {|gg〉, |ge〉, |eg〉},
which is now decoupled from the rest base |ee〉,
Heff (t) =

 0 Ω2(t) Ω1(t)Ω∗2(t) −2∆(t) 0
Ω∗1(t) 0 −2∆(t)

 . (23)
This is so-called interaction-induced Rydberg blockade,
meaning the simultaneous excitation of two atoms from
their ground states to the Rydberg states is inhibited.
In this case, the effective Hamiltonian (23) is similar to
the Hamiltonian (3) for the single-qubit gate. The Rabi
frequencies of laser pulses can still be parameterized as
in Eq. (4). With the same procedure as in section II but
in the subspace spanned by {|gg〉, |b〉 ≡ sin(θ/2)|eg〉 +
cos(θ/2)eiψ|ge〉}, the effective Hamiltonian reads
Heff (t) =
[
∆(t) Ω(t)e−iφ
Ω(t)eiφ −∆(t)
]
. (24)
Clearly we have a new dark state |d〉 ≡ cos(θ/2)|eg〉 −
sin(θ/2)eiψ|ge〉, which is decoupled from both |gg〉 and |b〉
and remains invariant with time. Thus the instantaneous
eigenstates of Eq. (24) can be immediately obtained from
Eq. (9) by changing the bases:
|E+(t)〉 = cos[ϕ(t)/2]|b〉+ sin[ϕ(t)/2]eiφ|gg〉,
|E−(t)〉 = − sin[ϕ(t)/2]e−iφ|b〉+ cos[ϕ(t)/2]|gg〉.
(25)
Formally their corresponding eigenvalues are E+(t) =
E(t) = −E−(t), where E(t) ≡
√
Ω2(t) + ∆2(t) and
tanϕ(t) = Ω(t)/∆(t).
We can still perform a concatenation holonomic circle
consisted of two piece-wisely adiabatic passages similar
to the single-qubit gate in section II. However, there is a
dramatic difference between the eigenstates in Eq. (25)
for the current two-qubit gate and those in Eq. (9) for the
single-qubit gate. In Eq. (9), only one of the two bases
constituting either |E+(t)〉 or |E−(t)〉, i.e., |b〉, lives in
the computational subspace while another one, i.e., |1〉
does not. In contrast, both bases for the eigenstates in
Eq. (25) live in the computational subspace. So that for
the two-qubit gates, both eigenstates would take part in
the two stages of adiabatic passages. To have an exactly
vanishing dynamical phase while completing the loop as
in Eq. (10), the two stages are still built up by cutting
the whole holonomic transformation into half and half,
i.e., tf = T/2. Conditioned by ϕ(0) = 0, ϕ(tf − 0+) = π,
ϕ(tf ) = 0, and ϕ(T ) = π [ϕ(t) is still chosen as the
function in Eq. (17)], the two stages of the holonomic
transformation read
|E+(0)〉 = |b〉 → |E+(tf − 0+)〉 = eiφ1 |gg〉,
eiφ1 |gg〉 = eiφ1 |E−(tf )〉 → eiφ1 |E−(T )〉 = eiη+ |b〉,
(26)
and simultaneously
|E−(0)〉 = |gg〉 → |E−(tf − 0+)〉 = ei(pi−φ1)|b〉,
ei(pi−φ1)|b〉 = ei(pi−φ1)|E+(tf )〉 →
ei(pi−φ1)|E+(T )〉 = eiη− |gg〉. (27)
Here η± ≡ ±(π + φ1 − φ2), where φ1 and φ2 are re-
spectively the constant value of φ in the first-half and
the second-half part of the evolution. Importantly, it
is sure that the whole cyclic transformation is geomet-
ric and the geometrical phases accumulated from initial
states |b〉 and |gg〉 are η+ and η−, respectively. And ob-
viously the dark state |d〉 and the double-exciton state
|ee〉 will not participate in the evolution. Thus we can
have a transformation operation in the space spanned by
{|gg〉, |d〉, |b〉, |ee〉}:
U =


eiη− 0 0 0
0 1 0 0
0 0 eiη+ 0
0 0 0 1

 . (28)
In the computational space spanned by
{|gg〉, |ge〉, |eg〉, |ee〉}, it reads,
U =


eiη− 0 0 0
0 sin2
(
θ
2
)
+ eiη+ cos2
(
θ
2
)
sin θ
2
(
eiη+ − 1) eiψ 0
0 sin θ2
(
eiη+ − 1) e−iψ cos2 ( θ2)+ eiη+ sin2 ( θ2) 0
0 0 0 1

 . (29)
7This is a nontrivial double-qubit gate whose type is deter-
mined by the combination of parameters θ, ψ and φ1−φ2.
For example, when ψ = 0, φ1 = φ2, θ = π/2, we can
have a SWAP-like gate similar up to an extra phase for
the base |ee〉:
U ≃


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 −1

 . (30)
In the current scheme for the two-qubit gate, the coun-
terdiabatic driving terms could be formulated in almost
exactly the same way as Eq. (14) for the one-qubit gate.
Nevertheless now the ancillary Hamiltonian HCD(t) is
written in the bases of {|b〉, |gg〉}. Still the Rabi frequen-
cies Ω1(t) and Ω2(t) become respectively exactly Ω
′
1(t)
and Ω′2(t) in Eq. (15).
Employing the same definition as in Eq. (16), we can
measure the performance of the double-qubit gates with
or without CD method by calculating the final aver-
age fidelity with certain running time T and the aver-
age fidelity dynamics. In this section, the initial state
of the system can be generally written as |Ψ(0)〉 =
cosα1|gg〉 + sinα1 cosα2eiα3 |ge〉 + sinα1 sinα2eiα4 |eg〉
with {α1, α2, α3, α4} ∈ [0, 2π]. Here the parameter E(t)
is again set as 1.
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FIG. 7. (Color online) The effect of holonomic transformation
time T on the final average fidelity F (T ) of the double-qubit
gates under different parameter θ. For θ = pi/2, the blue solid
line and the red dashed line represent the fidelity obtained
with and without the counterdiabatic term, respectively. For
θ = pi, the yellow dotted line and the purple dash-dotted line
represent the fidelity obtained with and without the counter-
diabatic term, respectively. The other parameters are chosen
as ψ = 0, φ1 = φ2, and V = 100E.
In Fig. 7, we plot the final average fidelity of the
double-qubit gates with or without the counterdiabatic
terms under different θ. As in Eq. (4), θ is a parameter
measuring the relative magnitudes of the two Rabi fre-
quencies. Here the other parameters are fixed as ψ = 0
(the phase difference between the two Rabi frequencies),
φ1 = φ2 (the control difficulty is relaxed since φ is invari-
ant during the whole loop) and V = 100E. It is found
that the final average fidelity is roughly independent on
the choice of θ. The fluctuation amplitude of the two
lines evaluated by the CD approach (the blue and yel-
low lines) is apparently smaller than that of the two lines
evaluated without the CD approach (the red and purple
lines). The first moment for the former two lines attain-
ing unity is less than ET = 2 while that for the latter
two lines is greater than ET = 17. The fidelity of the
double-qubit gate is maintained almost unity by the CD
terms over about ET = 20. Comparing to the results for
the single-qubit gate in Fig. 2, the cyclic time required
by the double-qubit gate is about ten times of that by
the single-qubit gate. Without the help of the counter-
diabatic Hamiltonian, it is hard to have a stable and
high-level transformation fidelity in a moderate running
time, although both the amplitude and the quasi-period
of the fidelity are gradually reduced with T . Again it is
therefore found that the CD approach can dramatically
reduce the running cost of the holonomic gates.
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FIG. 8. (Color online) The dynamics of the average fidelity
with a fixed cyclic time ET = 20. For θ = pi/2, the blue
solid line and the red dashed line represent the average fi-
delity dynamics with and without counterdiabatic terms, re-
spectively. For θ = pi, the yellow dotted line the purple dash-
dotted line represent the average fidelity dynamics with and
without counterdiabatic terms, respectively. The other pa-
rameters are parameterized as ψ = 0, φ1 = φ2, V = 100E.
The effect of the counterdiabatic method can also be
measured by the fidelity dynamics of the quantum sys-
tems. In Fig. 8, we plot the average-fidelity dynamics
of the double-qubit gates under a fixed holonomic trans-
formation cyclic time ET = 20 for θ = π/2 and θ = π.
The fidelity dynamics under the application of the CD
method (see the blue and yellow lines) is quite significant
comparing to that with the original Hamiltonian (see the
red and purple lines). The CD approach enhances the
final fidelity from about 0.8 to nearly unity and greatly
reduces the fluctuations during the dynamics.
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FIG. 9. (Color online) (a) The effect of the Rydberg-mediated
interaction strength V on the final average fidelity F (T ) with
different θ. The blue solid line, the red dashed line, the yel-
low dotted line, and the purple dash-dotted line represent
θ = pi/3, pi/2, pi and 3pi/2, respectively. (b) The effect of the
Rydberg-mediated interaction on the dynamics of the average
fidelity F (t) with various pairs of V and θ. For θ = pi/2, the
blue solid line and the red dotted line represent the average
fidelity under V = 10E and V = 100E, respectively. And
for θ = pi, yellow dotted line and purple dash-dotted line rep-
resent the average fidelity under V = 10E and V = 100E,
respectively. Other parameters are fixed as ψ = 0, φ1 = φ2,
ET = 20.
The effect of Rydberg-mediated coupling-strength V
is also measured by the final average fidelity and the av-
erage fidelity dynamics when we use the CD approach.
These results are shown in Fig. 9. In Fig. 9(a), we plot the
effect of V on the final average fidelity under different θ.
We have a fixed cyclic time ET = 20. It is found that the
final average fidelity for θ = π/3, θ = π/2 and θ = 3π/2
will achieve F (T ) ≈ 1 when V ≥ 5E. While under θ = π,
a nearly unity fidelity appears when V ≥ 30E. A smaller
V gives rise to a much lower fidelity with fluctuations
for all the cases. In Fig. 9(b), We plot the average fi-
delity dynamics under V = 10E or V = 100E when the
cyclic time is still set as ET = 20. It is shown that for
θ = π/2, there is no apparent difference between a weak
coupling strength with V = 10E and a strong one with
V = 100E. However, for θ = π, the increment of V from
10E to 100E yields the enhancement of the final fidelity
from almost 0.9 to 1 at the final moment. Thus a strong
interaction (about thirty times larger than the amplitude
of driving fields) between the two Rydberg atoms would
make sure that the system enters the Rydberg-blockage
regime and then realize a high-fidelity double-qubit gate.
Our proposal is practical in experiments. For example,
in Ref. [39], the magnitudes of E is about 5πMHz and
the interaction can be taken up to V ∼ 200πMHz.
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FIG. 10. (Color online) The effect of the system decoherence
with decay rates γ− and γz on the final fidelity of the two-
qubit gate. Here the running time is fixed as ET = 20, and
the other parameters are chosen as ψ = 0, φ1 = φ2, θ = pi/2,
and V = 100E.
Now we consider the effect of the system decoherence
on the final fidelity after performing the CD method.
The decoherence including both energy dissipation and
dephasing can be described by the following quantum
master equation
∂ρ
∂t
= −i[H ′(t), ρ] + 1
2
∑
n∈{1,2}
[
Γ−nL(σ
−
n ) + Γ
z
nL(σ
z
n)
]
.
(31)
Here H ′(t) can be immediately obtained by inputting
Eq. (15) to the Hamiltonian (21) in the rotating frame,
and in the Lindbladian superoperator L(A), σ−n ≡ |g〉n〈e|
and σzn ≡ |e〉n〈e|−|g〉n〈g|, n = 1, 2. We assume these two
atoms are in the common environments with the same de-
cay rates, namely, Γ−1 = Γ
−
2 = γ− and Γ
z
1 = Γ
z
2 = γz.
The effect of the dissipation by the rate γ− and the
dephasing by the rate γz of the system on the final fi-
delity of the two-qubit gate is plotted in Fig. 10. In
this case, the running time is set as ET = 20 and the
phase parameters are set as θ = π/2, φ1 = φ2 and
ψ = 0. At the initial moment, the atomic system is in the
ground state, |gg〉. Then the fidelity F (T ) are defined as
F (T ) = 〈gg|ρ(T )|gg〉, where ρ(T ) represents the density
operator ρ at the final moment.
In Fig. 10 about the combined effect of both dissipa-
tion and dephasing on the double-qubit gate, it is found
that the fidelity is insensitive to the dissipation noise in-
dicated by γz with a fixed dephasing noise indicated by
γ−. Under the condition of the same magnitudes of de-
cay rates, the dissipation noise leads to about five times
as the dephasing noise does with respect to the fidelity
decline. The left-bottom triangle area indicates the pa-
rameter space for maintaining the double-qubit gate with
high-fidelity F (T ) ≥ 0.95. Obviously the double-qubit
9gate is more fragile to the external noise than the single-
qubit gate (see Fig. 5).
IV. NONTRIVIAL DOUBLE-QUBIT GATES
BEYOND THE RYDBERG BLOCKADE REGIME
The last section is devoted to a realization of nontrivial
double-qubit gates under off-resonant driving-fields. Yet
it is still working in the Rydberg blockade regime as in
the previous literatures, which means that in practice the
distance between the two Rydberg atoms has to be small
enough to achieve a sufficiently strong coupling V . And
the double-exciton base |ee〉 is actually then excluded
from the designed procedure. However, in this section
we propose an alternative scheme using a qubit (two-
level system) to bridge the two detuning-driven three-
level Rydberg atoms and then relieve the prerequisite of
sticking to the Rydberg blockade regime.
FIG. 11. (Color online) Diagram for two identical three-level
Rydberg atoms coupled simultaneously to a two-level system
(qubit). For either three-level atom, the stable ground state
|0〉 and the intermediate state |1〉 are coupled to the qubit
with a coupling strength gn, and the intermediate state |1〉 is
coupled to the Rydberg state |2〉 by an off-resonant driving
fields with Rabi frequency Ωn, n = 1, 2. 2∆ is the detun-
ing between the driving frequency and the energy splitting
between states |1〉 and |2〉.
Consider two identical three-level Rydberg atoms.
Both of them are coupled with a two-level atom con-
sisting of a ground state |g〉 and a high-energy state |e〉,
as shown in Fig. 11. For either three-level atom, the
stable ground state |0〉 and the intermediate state |1〉 is
coupled to the two-level system with the strength gn,
n = 1, 2. At the same time, for the nth three-level
atom, the intermediate state |1〉 is coupled to the Ry-
dberg state |2〉 by an off-resonant and time-dependent
driving Ωn exp[i
∫ t
0 dsξ(s)]|2〉n〈1|+h.c., n = 1, 2, yielding
a detuning 2∆ ≡ ω−ξ(t), where ω is the energy splitting
between |1〉 and |2〉. Similar to Eq. (3), the total Hamil-
tonian of the quantum system in the rotating frame with
respect to U0(t) = exp[i
∫ t
0 dsξ(s)(|2〉1〈2|+ |2〉2〈2|)] reads
H(t) = H1 +H2(t), (32)
H1 = (g1|0〉1〈1|+ g2|0〉2〈1|)σ+ + h.c.,
H2(t) = [Ω1(t)|2〉1〈1|+Ω2(t)|2〉2〈1|+ h.c.],
−2∆(t)|1〉1〈1| − 2∆(t)|1〉2〈1|,
where σ+ ≡ |e〉〈g|, H1 represents the Hamiltonian of
the three-level atoms coupling with the two-level atom,
and H2(t) represents the Hamiltonian for the atom-laser
interaction.
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FIG. 12. (Color online) The final average fidelity and the
fidelity dynamics (the inset with a fixed cyclic time ET = 20)
of the SWAP gate with (blue solid line) or without (red dashed
line) the counterdiabatic method. The other parameters are
chosen as θ = 3pi/2, φ1 = φ2, and g1 = g2 = 100E.
In the case that the intensities of the atom-atom cou-
pling are significantly larger than that of the atom-laser
coupling, namely, g1,2 ≫ Ω1,2(t) and the level spacing
of the qubit system is far-off-resonant from all the other
level spacings in the whole system, one can construct
a double-qubit gate in a computational space spanned
by {|00〉, |02〉, |20〉, |22〉} as a subspace of the two three-
level Rydberg atoms (Strictly the computational space
is spanned by {|00g〉, |02g〉, |20g〉, |22g〉}, where the qubit
state |g〉 can be factored out. The details can be found
in appendix A.). It is obvious that the evolution of the
state |00g〉 due to the fact that it is decoupled from the
total system Hamiltonian (32). Also the evolution of
the state |22g〉 is found to be irrelevant under the condi-
tion g1,2 ≫ Ω1,2(t). The effective Hamiltonian is found
to be written in a subspace spanned by {|02g〉, |ϕ0〉 ≡
(g2|10g〉 − g1|01g〉)/G, |20g〉}, where G ≡
√
g21 + g
2
2 [see
the analysis from Eq. (A1) to Eq. (A8) in appendix A]:
Heff (t) =

 0 −
Ω2(t)g1
G
0
−Ω∗2(t)g1
G
−2∆(t) Ω∗1(t)g2
G
0 Ω1(t)g2
G
0

 . (33)
It is not hard to see the effective Hamiltonian (33) is
of exactly the same form as the Hamiltonian (3) for the
single-qubit gate. Thus similar to Eq. (4), the elements
can be parameterized as
−Ω2(t)g1/G = Ω(t) sin(θ/2)e−iφ,
Ω1(t)g2/G = Ω(t) cos(θ/2)e
−iφ+iψ, (34)
with Ω(t) being real. Then in the frame spanned by
{|b〉, |ϕ0〉, |d〉}, where |b〉 and |d〉 are respectively the
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bright and dark states in this system and defined by
mapping |0〉 → |02g〉 and |2〉 → |20g〉 in Eq. (6), the
Hamiltonian (33) can be further expressed by
H(t) = Ω(t)
(
e−iφ|b〉〈ϕ0|+ h.c.
)− 2∆(t)|ϕ0〉〈ϕ0|. (35)
Repeating the procedure from Eq. (7) to Eq. (12) while
mapping |1〉 and |b〉 in Sec. II to |ϕ0〉 and the new bright
state |b〉, respectively, one can get a transformation op-
erator in the same formation as in Eq. (12) yet in the
new defined bases {|b〉, |d〉}. Plus the unchanged bases
|00g〉 and |22g〉, one can obtain a nontrivial double-qubit
operator in the space spanned by {|00g〉, |d〉, |b〉, |22g〉:
U =


1 0 0 0
0 1 0 0
0 0 eiη 0
0 0 0 1

 , (36)
where η = π + φ1 − φ2, and φ1 and φ2 are respectively
the parameters set in first-half and second-half part of
evolution. Factoring out the common state |g〉, this gate
is expressed by
U =


1 0 0 0
0 cos2
(
θ
2
)
+ eiη sin2
(
θ
2
)
sin θ
2 (e
iη − 1)e−iψ 0
0 sin θ2 (e
iη − 1)eiψ sin2 ( θ2)+ eiη cos2 ( θ2) 0
0 0 0 1

 , (37)
in the subspace spanned by {|00〉, |02〉, |20〉, |22〉}. A spe-
cial combination of θ, ψ, and η gives rise to a special
double-qubit gate. For example, one can obtain a SWAP
gate by letting θ = 3π/2, φ1 = φ2, and ψ = 0.
We can also apply the counterdiabatic method by
adding the ancillary Hamiltonian HCD(t) into the ori-
gin Hamiltonian (32) to significantly reduce the running
time for the desired adiabatic passages. It is straightfor-
wardly to find that in the space {|02g〉, |ϕ0〉, |20g〉}, the
counterdiabatic term has the same form as in Eq. (14). In
particular, now the amplitudes and phases of two driving
fields become
Ω1(t)→ Ω′1(t) = −
G
g1
[Ω(t)− iΛ(t)] cos(θ/2)e−iφ+iψ ,
Ω2(t)→ Ω′2(t) =
G
g2
[Ω(t)− iΛ(t)] sin(θ/2)e−iφ (38)
where the parameters Λ(t) and E(t) share the same def-
initions as those in the single-qubit-gate case of Sec. II.
We take the SWAP gate as an example to measure
the effect from the CD method and demonstrate the
performance of double-qubit gates. The initial state is
assumed as |Ψ(0)〉 = cosα1|20g〉 + sinα1eiα2 |02g〉 with
{α1, α2} ∈ [0, 2π]. The average fidelity we are interested
is defined in Eq. (16). The parameter E(t) is set as 1,
the coupling strengths are g1 = g2 = 100, and ϕ(t) is also
chosen as in Eq. (17).
In Fig. 12, the effect from the CD terms can be ob-
served by either the final fidelity under different run-
ning time T or the fidelity dynamics during the holo-
nomic path with a fixed T . It is shown that the CD
terms render the final fidelity quickly attains unity in less
than ET = 1. In contrast, without the CD terms, the
fidelity experiences significant fluctuations and pseudo-
periodically attains unity although the amplitude of the
fluctuation shrinks with increasing T . And the first time
that the fidelity becomes nearly unity is about ET = 16.
In the inset of Fig. 12, we examine the dynamics of the
double-qubit gates under a fixed holonomic transforma-
tion period ET = 20. The CD approach enhances the
final fidelity from about 0.8 to nearly unity and signifi-
cantly reduces the fluctuations during the time evolution.
Therefore the CD approach still plays an important role
in obtaining stable and high-fidelity double-qubit gates.
V. DISCUSSION AND CONCLUSION
In summary, we have proposed a general scheme to
realize a set of universal superadiabatic quantum holo-
nomic gates via the off-resonant-driven Rydberg atoms.
That can be impressively improved by the counteradi-
abatic method, i.e., the transitionless driving scheme,
in terms of the running time as well as the stability
of the gates. The computational spaces of these gates,
including a universal set of single-qubit gates and two
schemes of nontrivial double-qubit gates, are encoded
in the stable ground state and the long-lived Rydberg
states. In particular, for the single-qubit gates, we de-
sign a double-piecewise (super)adiabatic passages by two
detuning driving fields and their phase difference [18].
The two instantaneous eigenstates are individually em-
ployed in either one of the two evolution-stages to cancel
the accumulated dynamical phase when completing the
whole loop. In the first scheme for the nontrivial double-
qubit gate that works in the traditional Rydberg blockage
regime [42, 44], we employ a similar double-piecewise (su-
per)adiabatic passages yet of both instantaneous eigen-
states simultaneously to avoid the parallel transport con-
dition. In the second scheme for the double-qubit gate
that is out of the Rydberg blockage regime, we employ
a two-level system to mediate two Rydberg atoms under
detuning driving.
Comparing to the previous works [18, 31, 40], our
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scheme has four distinguished features: (i) The time-
dependent detuning between the driving frequencies and
the atomic level-spacing is introduced as a controllable
variable to avoid the requirement of parallel transport
with respect to the vanishing dynamical phase. (ii) The
phase difference between the Rabi frequencies is used to
realize an arbitrary single-qubit gate through merely a
single-loop of the parametric space, which reduces the
exposure time of the quantum device to the error sources.
(iii) In the nontrivial double-qubit gates using the Ryd-
berg blockade phenomena, the two instantaneous eigen-
states individually started from the ground state |gg〉 and
the bright state |b〉 are simultaneously evolving under the
effective Hamiltonian, which provides a novel holonomic
adiabatic procedure. (iv) In the scheme for the double-
qubit gates beyond the Rydberg blockade regime, a qubit
system replaces the conventionally used light-field to me-
diate the two detuning-driven three-level Rydberg atoms,
which enriches the implementation of double-qubit gates.
Our scheme is built up on the features of superadia-
batic holonomic gates and the merits of Rydberg atoms,
and thereby provides a promising approach to the high-
fidelity quantum holonomic computing. This approach
can be properly extended to other physical systems with
similar energy structure, such as transmons [48] in the
superconducting circuit.
ACKNOWLEDGMENTS
We acknowledge grant support from the National Sci-
ence Foundation of China (Grants No. 11575071 and No.
U1801661), Zhejiang Provincial Natural Science Founda-
tion of China under Grant No. LD18A040001, and the
Fundamental Research Funds for the Central Universi-
ties.
Appendix A: The effective Hamiltonian for the
double-qubit gates in Sec. IV
This appendix is devoted to obtaining the effec-
tive Hamiltonian (33) in the computational subspace
{|00g〉, |02g〉, |20g〉, |22g〉} = {|00〉, |02〉, |20〉, |22〉} ⊗ |g〉
from the original Hamiltonian (32) in the main text.
First, the amplitude of an arbitrary initial state on the
basis |00g〉 will not change with time due to the fact
that H(t)|00g〉 = 0 by Eq. (32). Second, if the initial
state is an arbitrary superposed state of |02g〉 and |20g〉,
then the system will evolve in the subspace spanned by
{|00e〉, |10g〉, |01g〉, |20g〉, |02g〉}. In this subspace, the to-
tal Hamiltonian (32) can be expressed by
H(t) =


0 g1 g2 0 0
g1 −2∆(t) 0 Ω∗1(t) 0
g2 0 −2∆(t) 0 Ω∗2(t)
0 Ω1(t) 0 0 0
0 0 Ω2(t) 0 0

 . (A1)
The Hamiltonian (A1) can be simplified by using the
eigenstates of H1 in Eq. (32), which read [in the very
subspace of Eq. (A1)]
|ϕ0〉 = 1
G
(g2|10g〉 − g1|01g〉),
|ϕ±〉 = 1√
2G
(g1|10g〉+ g2|01g〉 ±G|00e〉).
(A2)
The eigenvalues for |ϕ0〉, |ϕ+〉, and |ϕ−〉 are 0, G, and
−G, respectively, where G =
√
g21 + g
2
2. Thus we have
H1 = G(|ϕ+〉〈ϕ+| − |ϕ−〉〈ϕ−|), (A3)
and
|10g〉 = 1
G
(
g2|ϕ0〉+ g1√
2
|ϕ+〉+ g1√
2
|ϕ−〉
)
,
|01g〉 = 1
G
(
−g1|ϕ0〉+ g2√
2
|ϕ+〉+ g2√
2
|ϕ−〉
)
.
(A4)
In the same subspace as Eq. (A1), the Hamiltonian H2(t)
of Eq. (32) can be written as
H2(t) = (Ω1|20g〉〈10g|+Ω2|02g〉〈01g|+ h.c.)
− 2∆|10g〉〈10g| − 2∆|01g〉〈01g|. (A5)
Using Eq. (A2), H2(t) is rewritten as
H2(t) =
1
G
(
Ω1g2|20g〉〈ϕ0| − Ω2g1|02g〉〈ϕ0|
+
Ω1g1√
2
|20g〉〈ϕ+|+ Ω1g1√
2
|20g〉〈ϕ+|
+
Ω2g2√
2
|02g〉〈ϕ−|+ Ω2g2√
2
|02g〉〈ϕ−|+ h.c.
)
− 2∆|ϕ0〉〈ϕ0| −∆|ϕ+〉〈ϕ+| −∆|ϕ−〉〈ϕ+|
−∆|ϕ+〉〈ϕ−| −∆|ϕ−〉〈ϕ−|. (A6)
Then in the rotating frame with respect to U0 = e
−iH1t,
the Hamiltonian (A1) becomes
H(t) = U0(t)H(t)U
†
0 (t)− iU0(t)U˙ †0 (t)
=
(
Ω1g2
G
|20g〉〈ϕ0| − Ω2g1
G
|02g〉〈ϕ0|
+
Ω1g1√
2G
|20g〉〈ϕ+|eiGt + Ω1g1√
2G
|20g〉〈ϕ+|eiGt
+
Ω2g2√
2G
|02g〉〈ϕ−|e−iGt + Ω2g2√
2G
|02g〉〈ϕ−|e−iGt + h.c.
)
− 2∆|ϕ0〉〈ϕ0| −∆|ϕ+〉〈ϕ+| −∆|ϕ−〉〈ϕ+|e2iGt
− ∆|ϕ+〉〈ϕ−|e−2iGt −∆|ϕ−〉〈ϕ−|. (A7)
When g1,2 ≫ Ω1,2, namely, G ≫ Ω1,2(t), the terms
involving e±iGt or e±2iGt can be omitted by the ro-
tating frame approximation. So that in the subspace
{|02g〉, |ϕ0〉, |20g〉}, the effective Hamiltonian can be
written as
Heff (t) =
1
G
(Ω1g2|20g〉〈ϕ0| − Ω2g1|02g〉〈ϕ0|+ h.c.)
− 2∆|ϕ0〉〈ϕ0|, (A8)
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which is Eq. (33) in the main text. One can check that
both |00g〉 and |22g〉 are dark states of Eq. (A8) in nature
and |ϕ0〉 serves as an ancillary state to the computational
space {|00〉, |02〉, |20〉, |22〉}.
However, we need to check the case when the initial
state is |22g〉 since in the whole Hilbert spaceH(t)|22g〉 6=
0 due to the full Hamiltonian (32). Actually in this case,
the quantum system will evolve in the subspace spanned
by {|01e〉, |02e〉, |10e〉, |11g〉, |12g〉, |20e〉, |21g〉, |22g〉}. In
this subspace, the eigenstates and eigenvalues of the
Hamiltonian H1 are found to be
|φ0〉 = 1
G
(g1|10e〉 − g2|01e〉),
|φ±〉 = 1√
2G
(g1|01e〉+ g2|10e〉 ±G|11g〉),
(A9)
and 0 and ±G, respectively. Then we repeat the proce-
dure from Eq. (A4) to Eq. (A8). It turns out that the
effective Hamiltonian in the subspace spanned by the new
eigenstates of Eq. (A9) reads,
Heff (t) =
1
G
(Ω1g1|20e〉〈φ0| − Ω2g2|02e〉〈φ0|+ h.c.)
− 2∆|φ0〉〈φ0|, (A10)
under the condition that G≫ Ω1,2(t). It is obvious that
the state |22g〉 is decoupled from both effective Hamilto-
nians (A8) and (A10), so that it will remain invariant
with the time evolution of the system. This result is
consistent to that in the main text.
Note although the Hamiltonian (A10) indicates in-
tuitively that the subspace {|00e〉, |02e〉, |20e〉, |22e〉} =
{|00〉, |02〉, |20〉, |22〉}⊗ |e〉 could be used as another com-
putational subspace, yet the excited state |e〉 for the qubit
is usually little populated. Thus normally we utilize the
low-energy effective Hamiltonian (A8) in consideration of
the stability of the holonomic gates.
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